has not only its underlying simplicial R-module, which we will denote by j *X, but also an underlying cosimplicial R-module k*X (with di=s,_i: X,,_i+Xn and s'=d,_i : Xn+XnPi). As a result, there are three obvious homotopy theories which one can associate with C; these correspond to three possible criteria for calling a map f: X-+X' in C a 'weak equivalence' [6, Q 71 . First there is the one-sided homotopy theory in which the weak equivalences are the maps f which induce isomorphisms xi j *X= n, j *X (ilO) on the homotopy groups of the underlying simplicial modules. Next, there is a dual one-sided theory in which the weak equivalences are the maps f which induce isomorphisms ?k*Xn'k*X' (ir0) on the cohomotopy groups of the underlying cosimplicial modules. Finally, there is a strong or two-sided theory in which the weak equivalences are the maps f which induce isomorphisms on both the homotopy groups of the underlying simplicial modules and the cohomotopy groups of the underlying cosimplicial modules. The main aim of this paper is to show that each of these three homotopy theories is equivalent to a corresponding homotopy theory of differential graded modules over a graded exterior R-algebra. This implies that from any of the above three points of view the study of cyclic R-modules is equivalent to the study of the classical homological algebra of certain chain complexes. In more detail: 
1.5. Notation, terminology, etc. We freely use the notation, terminology and results of [6] . In particular we refer to [6, Q 71 for the precise meaning of 'the homotopy theory of a category with respect to a subcategory of weak equivalences' and 'a functor which induces an equivalence between two such homotopy theories'.
Note that our description above of a cyclic object X, is slightly different from Connes' [3] . One approach is translated into the other by setting the cyclic operator t n + I : X,+X, equal to (dcs, + i)' = (des, + i) _ ' or equivalently s, : X, _ i -X, equal to (t,+,)F1%l.
Cyclic chain complexes
In this section we (i) define (2.1) cyclic chain complexes, (ii) recall (2.2) from [6] the existence of an equivalence N: C+D between the category C of the cyclic modules of Connes and the category D of these cyclic chain complexes, (iii) construct (2.3) three closed model category structures on D with as weak equivalences, respectively, the homology isomorphisms, the cohomology isomorphisms and the maps which are both, and (iv) observe that (2.4) the corresponding (under N) closed model category structures on C have as weak equivalences the maps considered in 1.1 and that it thus [6, 0 71 makes sense to talk of 'the homotopy theories of C with respect to these subcategories of weak equivalences'.
Cyclic chain complexes.
Let R be a ring with 1 #O and let R(L),& be the category of &chain complexes over R (1.2(i)). Then we denote by DCR(d, 6) the full subcategory spanned by the cyclic chain complexes, i.e., the objects XE R( 
Extended cyclic chain complexes
Next we (i) define (3.1) extended cyclic chain complexes, (ii) obtain (3.2) closed model category structures for the category D of these extended cyclic chain complexes and the category E (1.1) of differential graded modules with an exterior action with, in both, the homology isomorphisms as weak equivalences, and (iii) construct (3.3) a functor E : n-+E which preserves these weak equivalences and which induces equivalences of homotopy theories 0, +E+ , lk -tE_ and (D_,D+)+(E,E+).
Extended cyclic chain complexes. Let ii&s)
be the category of extended duchain complexes (1.2(ii)) and denote by D c R(l), 6 ) the full subcategory spanned by the extended cyclic chain complexes, i.e., the objects l_I~it(a,6) such that fn_l(&I)fn(ad)u=u for all UE U,, and n, wherefi(t) is as in 2.1 for i20 andfi(t)=f_i_l (t) for i<O. Moreover, every cofibration is l-l and a cohomology isomorphism and hence every cofibrant object has trivial cohomology.
We end with considering 3.3. The functor E : n+E. This is the functor which sends an object UE D to the object EUE E such that EU,, = U,, for all n and with a and 6 defined as follows. For every integer n, let h,(t) den&e the polynomial such that (in the notation of 3.1)
+ t h,(t)=f,(t)
and, for every element UE U,,, let EM denote the corresponding element of EU,. Then 
aEu = Eau and 6Eu = EGh,(LG)u = Eh,,(M)&
for all u E U, and n.
This functor has the property:
Proposition.
The functor E : D+E induces an equivalence of homotopy theories (i.e. Proof. Let D : l?+D be the left adjoint of E. As E preserves fibrations and as a map U-+ u' E D is a weak equivalence iff the induced map EU+EU'E I7 is so, the functor D preserves cofibrations and trivial cofibrations and hence [l, 1.2 and 1.31 weak equivalences between cofibrant objects. It is not difficult to see [5, 5. 41 that, in order to prove the first part of 3.4, it now suffices to show that, for every cofibrant object V'EE, the adjunction map V+EDI/eE is a weak equivalence. This is done by combining 3.2(iii) with the observation that (i) this statement is true if V= Sk and V=Bkt ', and
(ii) the functors D and E both preserve push outs.
3.5. Remark. One might wonder why we only considered the closed model category structure on D (or E) in which the weak equivalences were the homology isomorphisms and not the cohomology isomorphisms or both. The reason is that this would not really have produced anything new, as 4.1 readily implies that (i) the homotopy theory of Ii (or E) with respect to the cohomology isomorphisms is equivalent to the one with respect to the homology isomorphisms considered above, and
(
ii) the homotopy theory of D (or i?) with respect to the maps which are both homology isomorphisms and cohomology isomorphisms is equivalent to the homotopy theory of D x D (or E x i3) with respect to the 'pairs of homology isomorphisms'.

The functor F: a-+(D_,I)+)
Finally we discuss the functor F: D+(B_,D+) which was mentioned in 1.2(ii). Throughout this section the category D will be considered as a full subcategory of the category D.
We start with some preliminaries. 
